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* Make-Heap()
* Insert(H,x)
* Minimum(H)
* Extract-Min(H)
* Union(HI,H2)

* PFInIRTE
* Decrease-Key(H,x.k)
* Delete(H,x)
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Binary heap  Fibonacci heap

Procedure (worst-case) (amortized)
MAKE-HEAP ®(1) ®(1)
INSERT O(gn) O(1)
MINIMUM O(1) ®(1)
EXTRACT-MIN O(gn) O(lgn)
UNION O(n) O(1)
DECREASE-KEY O(gn) O(1)

DELETE O(gn) O(lgn)
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FIB-HEAP-INSERT (H, x)

ek

X.degree = (

X.p = NIL

X.child = NIL

x.mark = FALSE

if H.min == NIL
create a root list for A containing just x
H.min = x

else insert x into H’s root list
if x.key < H.min.key

H.min = x
Hn=Hn+1
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FIB-HEAP-UNION (H,, H,)

H = MAKE-FIB-HEAP()

H.min = H{.min

concatenate the root list of H, with the root list of H

if (H,.min == NIL) or (H,.min # NIL and H,.min.key < H,.min.key)
H.min = H,.min

Hn=H{.n+ Hy,.n

return A
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FIB-HEAP-EXTRACT-MIN (H)
1 z = H.min

2 if z # NIL
3 for each child x of z
4 add x to the root list of H
5 X.p = NIL
6 remove Z from the root list of H
7 if z ==z.right
3 H.min = NIL
9 else H.min = z.right
10 CONSOLIDATE(H)
11 Hn=Hn—-1

12 return Z
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CONSOLIDATE(H)
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CONSOLIDATE(H) FIB-HEAP-LINK (H, y, X)
I let A[0.. D(H.n)] be a new array 1 remove y frgm the ropt list of H
e ’ 2 make y achild of x, incrementing x.degree
2 fori = 0to D(H.n) 3 y.mark = FALSE
3 Ali] = NIL
4 for each node w in the root list of H
5 X =w
6 d = x.degree
7 while A[d] # NIL
8 y = Ald] // another node with the same degree as x
9 if x.key > y.key
10 exchange x with y
11 FIB-HEAP-LINK (H, y, x)
12 Ald] = NIL
13 d =d+1
14 Ald] = x

15 H.min = NIL
16 fori = 0to D(H.n)

17 if A[i] # NIL

18 if H.min == NIL

19 create a root list for H containing just A[i]
20 H.min = Ali]

21 else insert A[i] into H’s root list

22 if A[i].key < H.min.key

23 H.min = Ali]
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DecreasingKey (1)

FIB-HEAP-DECREASE-KEY (H, x, k)

1 ifk > x.key

2 error “new key is greater than current key”
3 x.key =k

4 y=x.p

5 if y # NIL and x.key < y.key

6 CUuT(H,x,y)

7 CASCADING-CUT(H, y)

8 if x.key < H.min.key

9 H.min = x
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DecreasingKey(2)

Cut(H,x,y)

1 remove x from the child list of y, decrementing y.degree
2 add x to the root list of H

3 Xx.p = NIL

4 x.mark = FALSE
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DecreasingKey (3)

CASCADING-CUT(H, y)

1l z=yp

2 ifz # NIL

if y.mark == FALSE
y.mark = TRUE

else CUT(H, y,z)
CASCADING-CUT(H, 2)
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Deleting a node

FIB-HEAP-DELETE (H, Xx)

1 FIB-HEAP-DECREASE-KEY (H, x, —00)
2 FIB-HEAP-EXTRACT-MIN (H)
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Lemma 19.1
Let x be any node in a Fibonacci heap, and suppose that x.degree = k. Let
Vis Vasenns Vi denote the children of x in the order in which they were linked to x,

from the earliest to the latest. Then, y;.degree > 0 and y;.degree > i — 2 for
i =2,3,...,k.

Proof Obviously, y,.degree > 0.

For i > 2, we note that when y; was linked to x, all of yq, y,,..., yi—1 were
children of x, and so we must have had x.degree > i — 1. Because node y; is
linked to x (by CONSOLIDATE) only if x.degree = y;.degree, we must have also
had y;.degree > i — 1 at that time. Since then, node y; has lost at most one
child, since it would have been cut from x (by CASCADING-CUT) if it had lost
two children. We conclude that y;.degree > i — 2. O
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Fr_i1+ Fo, iftk>2.

Lemma 19.2
For all integers k > 0,

k
Frro=1+) F .

=0

Lemma 19.3
For all integers k > 0, the (k 4 2)nd Fibonacci number satisfies Fj., > ¢F.
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Lemma 19.3
For all integers k > 0, the (k + 2)nd Fibonacci number satisfies Fy1, > ¢F.

Proof Let s; denote the minimum posmble size of any node of degree k in any

Fibonacci heap. T - ‘s at most size(x)
and, because addi Slze(x ) Z Sk ’s size, the value

of s; Increases m
heap, such that z
compute a lower
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Fiis (by Lemma 19.2)
P~ (by Lemma 19.3) .
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Thus, we have shown that size(x) > s; > Fiy, > oF.
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#1214 (Null Path Length, NPL)
o sFFERX, Npl(X)BX29AXE—A~ RFBAH— TR e) R B2 RIL,

Npl(null)Z=3=-1
Npl(x) = MIN(Npl(x->left), Npl(x->right)) + 1
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* Merge(H1,H2)
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e //ZH1FaH2#BRE 2 iEad

if(h1.data <=h2.data)
{
Node * hrl = Merge(h1->right, h2);
if(NPL(h1->left) < NPL(hr1->npl))
{/% 3335/ h1->right = h1->left; h1->right = hrl;
else
h1->right = hrl;

h1->npl = NPL(h1->right) + 1;
return hl;
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s EHIFTRNARARAENIE, BERWDABRAFIELIN: BTEHERNTFFFHT
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if(h1.data <= h2.data)
d
h1->right = Merge(h1->right, h2);
h1->npl = (NPL(h1->left) < NPL(hI->right)) ?
NPL(h1->left->npl) + 1
NPL(h1->right) + 1

return hl;
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Node * MergeRight(Node* hl, Node *h2) curTail

{

Node *curTail = null;

while(hl !=null || h2 != null)
{ s

Node *next;
if(h2 ==null || (h1 !=null && hl->element < h2->element))
next =hl;
clse
next =h2;
next->right = curTail; HETREE-
curTail = next; 1, AFitEEER LEYE-npl
} 2. #EFright3s s, S04 Re9rightEIg5m CeyAT
return curTail; Bk
} 3, &FEEFBEIT IR
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ReverseAndSwap(Node *endOfRightPath)
{ Node * prev = null;
Node * cur = endOfRightPath;
while(cur != null)

{ Node *next = cur->right;

cur->right = prev

1f(NPL(cur->right) > NPL(cur->left))

{ Node * tmp = cur->left;
cur->left = cur->right;
cur->right = tmp;

h

cur->npl = NPL(cur->right) + 1;

prev = cur;| cur = next;

b

return prev;
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e EYIFAZ5K ;
rec_func(args)
if(!condition)
base case process;
return,;
process_before recursion;
rec_func(argsl);
process_after recursion;
* MITHHILIR .
° EARWTSRNEZEIT: MiTprocess before recursion, AREZIFEMA
s HR|IS—RBIFEES, RFPITprocess after recursion(); 22K, X-4~ed
T RATIFUIF Y 2 3% Fo A T 26 V3 &Y B TR 48 LR 3% i dY
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o BI1LTRi%X : rec func*precess before recursion,
process_after recursion#9 L IRIXIXFa S AR, FB 4 A — 1 F K
ST UGNV REIH K Y AR IB Y T35 (s RS EB
228, PBlfmaprocess after recursionT€ A 3 process before recursion=
BKIELEYDEBRIG, FB 4 HEBAR B TEAAL TANK)
o BIFVFRAAEYEP FEK — 1T TEIRTNED, TEIRTH
€ 3&process before recursion, LAZRNG S IR
BOTED, FHWFKILTAFRIBITF AT, N o a—
* XNTIEIREYFTE, R AUIFINZALITAIZEY (

K%L, BPbase case processs if(!condition)
e FTRAEFBTIEIR: RErRKFEIRS K, ;
S+ IR B S ITprocess after recursionsLz2 base case process;
return;
}

process_before recursion;
rec_func(argsl);
process_after recursion;
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HERE R

IR FE B ITIF A S5, FB4 LHEeYik

HEHSEFILIRFE R, F—TEIRECT

o BIFVFRAAEYEP FEK — 1T TEIRTNED, TEIRTH

.- 1 o

rec_func(argsO)

{

args = args(;stack.push(args);
while(condition)
{
process before recursion;
{stack.push(args); args = argsl; }
}
base case process;
while(!stack.isEmpty())
{
args = stack.pop();
process_after recursion;

TS IRtk
AR, rec_func(args)
TR IR {
if(!condition)
HR 22K, {
sionsL ER base case process;

return;
process before recursion;
rec_func(argsl);
process_after recursion;



NRE el F

THEBr R
int f(int N)
{ 1f(N == 0)
return 1;

else
return N * f(N - 1);
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int cFind(x)

{
1f(s[x] <0)

return Xx;

root = find(s[x]);
s[x] = root;
return root;
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/| IREREITF,

35 int cFind(x) [/ ST LATE K 75 B 4n T a9 K 5D,
. int cFind(x)
1T int ret; {
{ while(s[x] >= int ret;
{ stack.pu while(s[x] >= 0)

{  staekepushOo;x =s[x]; }

ret = x;
ret = Xx;
while(!stack. while(s[x] >= 0)
{ { tmp=s[x];
X = stacl s[x] = root;
s[x] = re X = tmp;
} h
return ret;
} } return ret;



Merge(hl, h2)

{

if(h1 == NULL)

LG AH A GEAAM (1)

return h2;
else if(h2 == NULL) e — RV R A .
return hl; 1., AAXRZITAA, BRARTDARRE
else if(h1.data <= h2.data) REVFIFA ;
{ h1->right = Merge(h1->right, h2); 2. ERBEHIFFARAZ RSP, HRE
h=hl; BV VF RS RIBIE 5,
h
else // hl.data > h2.data
{ h2->right = Merge(h1, h2->right);
h=h2;
h
if(NPL(h->left) < NPL(h->right))
{ tmp = h->left; h->left = h->right; h->right = tmp; }

h->npl = NPL(h->right) + 1;
return h;
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&WM@ IR BARTAT S AN, BEE
while(hl != NULL && h2 = NULL) BT ERPPRFEARHE Y —
{ A1E

if(h1.data <= h2.data) )
{ stack.push(h1, h2); h1 = h1->right; (h1.data <=h2.data) h1 : h2
else s o o Py ==
)19 L ) 1
{ ack push(hL 1) s B, EOTT AL, 52
| T — Ty T
ret=(h1 ==NULL) ? h2: hl; //base case®y i E T8
while(!stack.isEmpty())
{ (h1, h2) = stack.pop(); /B A% o B2
h = (hl.data <= h2.data) ? hl : h2; /3¢ B FRIB VT EAD XeY S IRT IR,

h->right = ret;

if(NPL(h->left) < NPL(h->right))
{ tmp = h->left; h->left = h->right; h->right = tmp; }

h->npl = NPL(h->right) + 1;

ret =h;

}

return ret;
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Merge(hl, h2)
while(hl != NULL && h2 !=NULL)
if(h1.data <= h2.data)

{ stack.push(h1); h1 = hl->right; }
else
{ stack.push(h2); h2 = h2->right; b

b
ret=(hl1 ==NULL) ? h2 : hl; //base case#yiZ E1a

while(!stack.isEmpty())
{ h = stack.pop(); /R AR P EYTE

h->right = ret;

1f(NPL(h->left) < NPL(h->right))
{ tmp = h->left; h->left = h->right; h->right = tmp; }

h->npl = NPL(h->right) + 1;

ret = h;

}

return ret;
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Merge(hl, h2)

while(h1 != NULL && h2 '=NULL)

{ stack.push(hl); h1 =hl->right;
else
{ stack.push(h2); h2 = h2->right;
h
ret=(hl1 ==NULL) ? h2 : hl; //base case#yiZ E1a

if(h1.data <= h2.data)

while(!stack.isEmpty())

{

}

return ret;

h = stack.pop();
h->right = ret;

1f(NPL(h->left) < NPL(h->right))
{ tmp = h->left; h->left = h->right; h->right = tmp;

h->npl = NPL(h->right) + 1;

ret = h;

/R AR P EYTE

fn S FKN1FE S I B ey stackA —1
REYF R RIRAIE, TLAE S SRIL
=0k -2

AR B —TTEIRIFA I A3
+,

h1 =hl->right
B

h2 = h2->right
25, ABELEYTightZ B R e TE SRR L
ELRESHRIIAT, HRITTLRIEECS
A 2R BInexts=E
SERE, AR ARG TR BT R TR B T
2%, EFEXFRAIEFE, IBREHS
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Merge(hl, h2)

{ stackTop = NULL; /A& BAAIIEE, BT INULL
while(hl != NULL && h2 !=NULL)
{
if(h1.data <= h2.data) [ TFESLLE I 29 tmpERik, AT right5=Ex
{ //stack.push(h1l);h1 = h1->right;
tmp =hl; hl =hl->right;  tmp->right = stackTop; stackTop = tmp; }
else
{ //stack.push(h2);h2 = h2->right;
tmp = h2; h2 = h2->right;  tmp->right = stackTop; stackTop = tmp; }
b
ret =(h1 ==NULL) ? h2: hl; //base case®y i BT84
while(stackTop != NULL) //(stack.isEmpty())
{
h = stackTop; stackTop = stackTop->right; //h = stack.pop(); &
h->right = ret; /32X B é9right & #Hr R R I5 MG T mad 355t
if(NPL(h->left) < NPL(h->right))
{ tmp = h->left; h->left = h->right; h->right = tmp; }
h->npl = NPL(h->right) + 1;
ret=h;
b
return ret;
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